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Abstract—In this paper a multiperiod MILP model is presented for the optimal sclection and expansion
of processes given time varying forecasts for the demands and prices of chemicals over a long range
horizon. To reduce the computational expense of solving this jong range planning problem, several
strategies are investigated, inciuding branch and bound, the usc of integer cuts, strong cutting plancs,
Benders decomposition and heuristics. These procedures, which have been implemented in the
MULPLAN, are illustzated with several example problems. As is shown, the proposed model is especially
uscful for the study of a variety of different scenarios.

) INTRODUCTION

Chemical companies are increasingly concerned with
the development of planning techniques for their
process operations (see Hirshfeld, 1987). The incen-
tive for doing so derives from the interaction of
several! factors. Recognizing the potential benefits of
new resources when these are used in conjunction
with existing processes is the first factor. Another
major factor is the dynamic nature of the economic
cavironment. Companies must assess the potential
impact on their business of important changes in the
externsl environment. Inclwded are changes regard-
ing demand, prices, technology, capital, markets and
competition. Hence, due to technology obsolescence,
increasing competition, and fluctuating prices and
demands of chemicals, there is an increasing need of
quantitative techniques for planning the sclection of
new processes, the expansion and shut-down of exist-
ing processes, and the production of chemicals.

A rather large number of papers has been reported
in the operations rescarch literature on capacity
expansion problems in several arcas of application. A
recent survey can be found in Luss (1982). In the
chemical engineering literature, dynamic program-
ming (sec Roberts, 1964) has been applied to chemi-
cal plant expansions, but this decomposition
technique becomes quite ineffective for large-scale
problems. Alternative approaches include the NLP
formulation by Himmelblau and Bickel (1980), the
multiperiod MILP formulation by Grossmann and
Santibanez (1980), the goal programming approach
of Shimizu and Takamatsu (1985) and the recursive
MILP technique by Jimenez and Rudd (1987). How-
ever, these approaches are often limited in the size of
problems that they can handle.

It is the purpose of this paper to present a multi-
period MILP model for long-range planning in the

tAuthor to whom correspondence should be addressed,

chemical process industries. For a network of pro-
cesses and chemicals that consists of existing as well
as potentially new processes, the major objective in
this model is 10 determine the sclection of new
processes and the capacity expansion and shut-down
policies for all processes, given forecasts of prices and
demands of the chemicals over a long-range horizon.
Scveral solution strategics, including the use of in-
teger cuts, strong cutting planes and Benders decom-
position, arc investigaled for reducing the
computational expense of solving the MILP problem.
These strategies, which have been implemented in the
computer program MULPLAN, will be illustrated
with scveral example problems.

PROBLEM STATEMENT

The specific problem that is addressed in this paper
assumes that a network of processes and chemicals is
given. This network includes an existing system as
well as potential new processes and chemicals. Also
given are forecasts for prices and demands of chem-
icals, as well as investment and operating costs over
a finite number of time periods within a long range
horizon. The problem then consists of determining
the following items that will maximize the net present
value over the given time hotizon:

(a) capacity expansion and shut-down policy for
existing processes;

(b) selection of new processes and their capacity
expansion policy;

(c) production profiles;

(d) sales and purchases of chemicals at each time
period.

Linear models are assumed for the mass balances
in the processes, while fixed-charge cost models are
used for the investment cost. Also, limits on the
investment cost at each time period can be specified,
as well as constraints on the sales and purchases. No
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inventories will be considered since the length of each
time period is assumed to be rather long (e.g. 1 yr).
It will be shown in the next section that the above
problem can be formulated as a multiperiod MILP
problem.

MULTIPERIOD MILP MODEL

A network consisting of a set of NP chemical
processes that can be interconnected in a finite num-
ber of ways is assumed to be given. ‘The network also
involves a sct of NC chemicals which include raw
materials, intermediates and products. This network
can then be represented by two types of nodes: one
for the processes and another for the chemicals.
These nodes will be interconnected by a total of »
streams (o represent the different alternatives that are
possible for the processing and the purchascs and
sales from different markets. .

Also, a finite number of NT time periods is consid-
ered during which prices and demands of chemicals,
and investment and operating costs of the processes
can vary. The objective function to be maximized is
the net present value of the project over the specified
horizon consisting of NT time periods.

It will be assumed that the material balances in
each process can be expressed linearly in terms of the
production rate of a main product, which in turn
defines the capacity of the plant. As for the invest-
ment costs of the processes and their expansions, it
will be considered that they can be expressed linearly
in terms of the capacities with a fixed charge cost to.
account for the economies of scale.

In the formulation of this problem, the variable 0,
represents the total capacity of the plant of process {
that is available in period 1, # = I, NT. The parameter
{2 represents the existing capacity of process at time
1 = 0. QF, represents the capacity expansion of the
plant of process { which is installed in period 1. If y,
are the 0-1 binary variables which indicate the occur-
rence of the expansions for each process 7 at each time
period ¢, the constraints that apply are:

L U
y'QE"QE"‘QE""} {=1,NP, =1,NT,
y.-o,l
)
Q.-QU—I+QEI‘ ll‘l!‘vp| '-IQNT. (2)

In equation (1), QEL and QE} are lower and upper
bounds for the capacity expansions. A zero-value of
the binary variables y, forces the capacity expansion
at period ¢ to zero, i.c. QE, = 0. If the binary variable
is equal to one, the capacity expansion is performed.
Equation (2) simply defines the total capacity Q, that
is available at each time period 1.

The amounts of the chemicals being consumed and
produced in period ¢ of the plant of process i are
represented by the variables:

W,»0 kel i=|,NP (=|,NT, (3)

where L, is the index of the subset of »
corresponding to inputs and outputs of process i, ang
U L={1,2,...n). Let stream m,e L, correspond
to the main product produced by process i. Then the
amount produced of that product cannot exceed the
installed capacity; that is:

Qi > Wll‘l

The case of shut-down of an existing plant resulty
when the variable W,,, takes a value of zero afler
given time period .

The material balances in each plant are given
the linear relations:

WumpeW,, kel, i=1,NP 1=1,NT, (5

where y, are positive constants characteristic of each
process i,

As for the raw materials, intermediates and prod-
ucts, they will be represented by NC nodes of chem- dow:
icals where purchases and sales are considered on one cuss
of several markets, /=1, NM. If the corresponding
variables are represented, respectively, in each period
by the variables P}, S}, = 1, NC, they must satisfy-

i=1,NP t=1,NT. @

w.

the inequalities: T
ai' g Plgat’ typ
i ‘} j=1,NC, t=1,NT, . enw
A <Shedy wd
1=1,NM, (6) and
where @', aiV are lower and upper bounds on the met
availabilities, and 4, d;Y are lower and upper AP]
bounds on the demands. evel
Defining J(f) as the index set of output streams of exa:
plants that produce chemical j, and O() as the index two
set of input streams of plants that consume chemical bin:
J» the mass balances on these chemicals’ nodes will be abl
m’venby; tive
NM NM nur
LP+ Y WumY S+ T W, Th
=t fory) I=1 0L effi
j=1,NC t=1,NT. (D 1:“
Finally, the net present value of the project is given  § me
by: ' sct

NP AT

NPV = —Zl ZI (@ QE, + Beyu)
lm] =
NP H‘l’é

:“-:1 :gl s W lin
NN NC NT pe
+Y ¥ ¥ 0pSh-rip), @) be
imljmliml re
where the parameters a,, 8, represent, respectively, th
the variable and fixed terms for the investment cost, ve

0.t i8 the unit operating cost, and 7}, I'} are the prices
of sales and purchases of the chemical J in market
I,1 =1, NM. All these parameters are discounted at
the specified interest rate and include the effect of
taxes in the net present value,

In order to determine the optimal planning of the
network, the multiperiod MILP model consists of
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maximizing the objective function in (8), subject to
the constraints (1-7).
Additional constraints that can be considered in-

(a) limit on the number of expansions of some
processes:
NT
Y y. < NEXP(i) ielI's{1,2,...NP}; (9
=1
(b} limit on the capital available for investment
during some time periods:
e -
Z (&, QE, + Buy.) € CI{}t)
f=

teT's{l,2,...NT}; (10

where &,, B, are nondiscounted cost cocfficients cor-
responding to period 1.
Finally, for the case when the economics of shut-

. downs are modelled explicitly, the constraints dis-
cussed in Appendix A can be included.

SOLUTION STRATEGIES

The MILP model given in the previous section can
typically be solved directly with branch and bound
enumeration procedures (Little er al., 1963; Garfinkel
and Nembhauser, 1972; Schrijver, 1986; Nemhauser
and Wolsey, 1988) such as the ones that are imple-
mented in standard computer packages (¢.g. MPSX,
APEX, LINDO, ZOOM). For large networks, how-
ever, the computational expense can be high. For
example, a network with 40 processes, 50 chemicals,
two markets and five time periods would involve 200
binary variables, and approx. 1000 continuous vari-
ables and 1200 constraints. Since most of the alterna-
tives embedded in such a model are feasible, a large
number of branches must usually be examined.
Therefore, there is a clear incentive to develop
efficient computational strategies and approximate
procedures since this then allows the examination of
& greater variety of scenarios with the planning
model. In the following section four numerical
schemes will be described.

BOUNDING AND INTEGER CONSTRAINTS

In this section it will be assumed that there are no
limitations on the capital investment at each time
period. A simple bounding constraint that can then
be generated for the MILP problem is to solve the
relaxed LP and determine the two following solutions
that correspond to lower bounds to the net present
value:

LB,—relexed LP solution with nonzero binaries
set to one;

LB,—relaxed LP solution with nonzero binaries of
first active period set to one, and with the
corresponding capacities set to the minimum
required in order to serve demand during all

CACE 1)8—F

subsequent active time periods in the relaxed
LP solution.

In other words LB, corresponds to a feasible
solution where expansions are performed as deter-
mined by the relaxed LP solution. LB, corresponds to
a feasible solution where only one expansion is
considered at the first active period determined from
the relaxed LP. These bounds, which are very casy to
determine, can then be incorporated inte the MILP
with the following inequality:

NPV > max{LB,,LB,}. (1

Additional constraints that can reduce the compu-
tational effort in the branch and bound procedure are
integer constraints that place a limit on the number
of expansions in a process. Again, assuming no
limitation in the investment cost, the maximum num-
ber of expansions NEXP({) can be determined by
calculating the maximum number of expansions
whose cost is less than or equal to the maximun cost
(in the worst-case scnse) of any given expansion. This
then leads to the following MILP problem for each
process i:

NT
NEXP(i)=max ¥ y,, (12)

=]

st.

NT
Z (@ QE, + Bu¥u) € € oas Qimes + Bimazs

=1
NT

Z OF, = Qpux»

tmt

0<QE, €QEY, i=I NP, t=1,NT,
Yo=0,1 i=1,NP, t=1,NT,

where QEV is a large positive quantity.

Note that the first inequality simply states that the
cost of the expansions cannot exceed the investment
cost of process i at maximum capacity with the
“worst” cost cocflicients. Due to the discount factors,
these usually correspond to period 1. As for the
maximum capacity Qa.., this is a function of the
upper bounds on demands and availabilities of chem-
icals, and it is equal to the minimum capacity re-
quired in order to serve the maximum possible
demand. This demand, in turn, can be found by
solving for each time period an LP that maximizes
W, subject to the material balance constraints (5),
(6) and (7} in the whole network.

From the solution of the above small-scale MILPs
in (12), the constraints in (9) can be added to the
multiperiod MILP. Both constraints (9) and (11) will
usually help in reducing the gap between the relaxed
LP and MILP solutions so as to decrease the compu-
tationa! effort of the branch and bound method.
However, for large-scale problems these provisions
may not be sufficient. Furthermore, when the con-
straints (10) on capital investment are present or
when Q, ., in (12) exceeds QE}, the problem in (12)




.
e
,
H
.
¥
1.
Y
‘*
+ g
e
5.
| ..
Pl
it S
I—“
g
>
-

1052 N. V.SAHINIDIS ¢f al.

will often underestimate the maximum number of
expansions. Therefore, it is worth considering the use
of strong cutting plancs that can strengthen the upper
bound of the relaxed LP problem when the invest-
ment constraints in (10) are present and the expan-
sion upper bounds in (1) are finite quantities with
physical significance.

STRONG CUTTING PLANES

Recently, a new approach to the solution of large-
scale ILP and MILP problems has emerged (Crowder
et al., 1983; Van Roy and Wolscy, 1987; Nemhauser
and Wolscy, 1988). The idea of this approach is to try
to generate from the relaxed LP tighter formulations
of 0-1 polyhedra by adding cutting planes that
describe facets or faces of high dimension of the
convex hull of these polyhedra. The gap between the
MILP and its LP relaxation is thereby often reduced
(if not completely eliminated), and the subsequent use
of branch and bound or any other algorithm is made
computationally less expensive.

At each iteration the procedure starts by finding
(x*, y*), the optimum values for the continuous and
0-1 variables of the LP relaxation of the current
MILP formulation. Then a separation problem is
solved by using only part of the model (correspond-
ing to a combinatorial problem which has been
studied extensively in the literature, ¢.g. some net-
work flow type constraints) to generate additional
valid inequalities which attempt to chop off the point
(x*, y*) from the solution space of the LP relaxation
polyhedron. The procedure is then repeated until an
integer solution to the new LP relaxation is found, or
else until there is a small improvement in strengthen-
ing the LP relaxation bound.

The above procedure, for which details can be
found in Van Roy and Wolsey (1987), can be applied
to the multiperiod MILP with capital investment
constraints as follows. First, network substructures of
the model are identified; namely, equations (1) and
(10) for each time period 1,7 =1, NT:

NP
S = {(QE-J')i 'Z| (@ QE, + Buys) S CI(1),

thE}r' €QE < QEEJ’M)’ke{o' l} i=l, NP}-

a3y
To see the network structure, we substitute:
Xy = &, QF, + Fn)’-
I, =&0Et+B, } i=L NP (14)
Uy = dtQE}t’ + Er
and obtain:

L4
S= {(x.y): Y x, < CH(1),

Ly € x, Ky ye. yu€{0, 1} i'I-NP}- (15

For this structure two families of valid inequalitie,
have been derived (Van Roy and Wolsey, 1986): ]

the simple generalized flow cover inequality:

T o+ (e — ) -y N<CIE) (1)

L2 H

and the extended generalized flow cover inequality;

): [x, + €, — 4)°(E =y )

wC,
+ E); (x + @ — A) A —y NS CI0W), (A7)

where the notation &* stands for max{0, ¢) and
C,<{1,2,... NP} is a genenalized cover, i.c. )

A=Y u,—CI(t)>0;
oC;

R<{1,2,... NP}, &, =max(d,w)

ﬁ,=m.%x {u,}, and &, >24,>0.

Note that u, is given in (14). .

The exact separation algorithms for the simple and
the extended generalized cover inequalities corrg-
spond to Knapsack problems perameterized in
4,, R,, C, that maximize the violation of the derived
cut by the relaxed LP solution point (x*, *). This
leads to the following Knapsack problem for each
time period :

NP L
maxc.="z. {-Q—yha} (13

NP
st. Y w,z,> CIQ),

=l
ze{0,1} i=1,NP,

where z=1if ieC,; ;=0 otherwise. The violated
inequalities (16) and (I7) are derived whencver
{,> —1. The indices / that arc included in the set X, °
for the inequality in (17) must satisfy the condition:
x$ = (@ —4)yi»0

The cutting piane algorithm is then as follows:

Step 0. Solve the LP relaxation of the multiperiod
- MILP. Set NPV’ = NPV (optimum from re-
laxed LP).

Step 1. For each time period ¢, solve the separation
problem (18). Here the problem is only ap-
proximately solved using some form of the
greedy heuristic (see Appendix B). _
From the solution to the Knapsack problem,
determine the cover C, and add the violated
inequalitics (16) and (I17) to the current
MILP formulation.

Step 2. Solve the new LP relaxation. I
(NPV’ — NPY)/NPV’ > tolerance, then set
NPV’ = NPV and repeat Steps 1 and 2.
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Otherwise, start the branch and bound pro-
s cedure or any other algorithm to find the
3 optimum to the current formulation.

- _The algorithm has the advantage that no attempt
j made to generate all the facets of the 01 polyhe-
dron at once, which is an NP-hard problem. Instead,
cuts are added at each iteration in an attempt to
reduce the LP relaxation gap. On the other hand, it
must be pointed out that it suffers from the foilowing.
First, the information is extracted only from an
olated part of the model and secondly, the separa-
tion problem has been relaxed to a computationally
effective form which might not always generate an
optimum cut. Therefore, it is to be expected that the
LP relaxation gap will not be completely climinated.
Nevertheless, since the method is computationally
very cheap and at the same time effective in the initial
flerations, it can be used to reformulate the initial
multiperiod MILP model to one which is more easily
solved by other methods like branch and bound and
decomposition schemes.

BENDERS DECOMPOSITION

A standard decomposition technique that can be
applied to the multiperiod MILP probiem is Benders
decomposition method (Benders, 1962; Geoffrion,
1972) which has been found to be very effective for
the solution of a static, multiproduct, multifacility
distribution system design problem (Geoffrion and
Graves, 1974). In this algorithm the MILP problem
is solved through a sequence of LP subproblems and
MILP master problems, with the former providing
lower bounds to the net present value and the latter
providing upper bounds. The definition of the LP
subproblems and master problems depends, however,
on the partitioning of variables that is used.

In its most natural form the variables of the
multiperiod MILP are partitioned as follows:

(a) complicating variables for the master problem:;
Yus
(b) remaining variables for the LP subproblem:

U= [Qtl QElI sjn Pl'pv Wh‘]‘

The basic steps in Benders decomposition method
are as follows:

Algorithm B-I

Step 1. Select yi; set NPVV = 40, NPV: = — o0,
R=1.

Step 2. (a) Fix the variables £ and solve the multi-
period MILP problem as an LP to determine
NPV*® and u*;
(b) update the lower bound by setting
NPV™ =~ max{NPVL, NPV4},

Step 3. To determine new values pX+! for the 0-1I

variables and an upper bound to NPV, solve

the pseudo-integer master problem:

NPVY = I:]IE-X i (19)
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st. u&L(y,) r=0LR
ped®', y,=0,1 |=1 NP, t =1, NT,
where the Lagrangian:

L'0u) = NPV(,, u)
NP ONT .

+ Y. ¥ AP (QE. - QEYy,)

{=)im]

+ A (QELy, — QEL)) (20)

and NPV(y, u") is the NPV function with all
continuous variables «' fixed (but not the y,)
and 43+, 1;'* are the Lagrange multipliers of
constraints (1) in the LP solution of Step 2.

Step 4. If NPV'=NPVY, stop. Otherwise set
R =R +1, and return to Step 2.

Although the above algorithm has the advantage
of involving an integer programming problem with
only one continuous variable u in the master problem
of Step 3, the disadvantage is that this problem is
often too relaxed. As a result, the algorithm has the
tendency to yield initially very high values for the
upper bound NPVY, and hence requires a large
number of iterations.

In order to strengthen the bounds predicted by the
master problem, one can redefine the partitioning as
follows:

(a) complicating variables for the master problem:
Yus Ql’ QEi';
(b) remaining variables for the LP:
¥ = [S;. P‘ » Wu].
In this way the basic steps in Algorithm B-II for
this partitioning are similar to Algorithm B-I except
for the following:

(8) in Step 2a, y3, Qf, QEF are fixed to solve the
LP in which constraints (1) and (2) can be
removed;

(b) in Step 3, the master problem corresponds to
the following MILP problem:

NPVV= max g, 1)
#0-0r. Cluon
st.

kL0 0, QE, 4" r=1,R,

J’iQE!F < QF, < QEly,

Qv=Q,.,+QE,

Ql’ QEI > 0.)., =0,1
i=], NP, t=]1NT,
peR

where:

L'GVas Qus QE, u") = NPV(y,, Q.. QE,, x")

NP NT

+ z z Pe(Wo — QW)

=l

|
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and NPV(y,, Qu QF., uDis the NPV function
with the variables u* fixed, and pj are the
Lagrange multipliers of constraint (4).

As will be shown later in the results, Algorithm
B-II predicts stronger upper bounds and hence re-
quires fewer iterations. In addition, the subproblems
can be nmow solved as a sequence of independent
problems (one for each time period).

HEURISTIC PROCEDURE WITH BOUNDS

The purpose of the procedures in the previous
sections is to determine the exact solution of the
multiperiod MILP model. It is useful, however, to
also consider heuristic methods for which the quality
of the solution can be established as shown in this
section.

Due to the effect of the discount factors, many
instances of the optimal solution of the multiperiod
MILP problems involve only onc expansion, espe-
cially if there arc no limits on the capital investment.
Such a solution corresponds often 1o the lower bound
LB, described previously in the paper. Since this
bound is easy to obtain, as is in fact the lower bound
LB,,thehigherofthes:twombeusednsaheurisﬂc
estimate of the optimal solution. The question that
then arises, however, is how good these estimates are.

In order to answer the above question, & tight
upper bound must be generated. An casy to compute
upper bound is the solution of the relaxed LP, which
will be denoted by UB, . Since this bound might not
beverymng,lhefoﬂowingprocedurecanbemed
to generate a second bound, UB,. Consider that only
one expansion will be performed at period 1 but with
the lowest coefficients of the investment cost
% mias Fraua (usually the ones of the last time period).
The multiperiod MILP can then be simplified as

follows for this upper bound:

NP
un,-mu{—‘):l @ QE:+ Prosa??)

NM NC NT }
(]

NP NT
—J;I lgl Ot Wone !gl ng -§ (4Sh—TWP ")
(22)

st.
Q= Qs+ QE,
QE'y, € QE % QEU}’:} i=1,NP,
»=01
ozW,, i=I, NP t=1,NT

Constraints (3), (5), (6) and (7).

Note that the above MILP involves only NP 01
variables instead of (NPYNT) and it has
NP(NT — 1) fewer constraints. Therefore, this MILP
is easier 10 solve than the multiperiod MILP given by
(1-8). In addition, since the solution to this problem
is & feasible solution of the multiperiod MILP [at least
when there are no constraints for investment limits
(10)}, it corresponds 10 a new lower bound LB, for

which we only have to evaluate the objective fu
value.

Having determined UB, from (22), the heuristie
solution can be set to:

NPVH = max{LB,,LB,, LB,} (23),
and the upper bound to !
UB = min{UB,, UB,) 24),

Hence the maximum gap of the heuristic solution'
with respect to the optimal MILP solution will be ]
given by: s

_ UB—NPV* |
88p = —po—— (25)

This gap can be expected to be small in many
instances. r
MULPLAN '

In order to automatically formulate and solve the’
multiperiod MILP model, the computer program’
MULPLAN (MULtiperiod PLANning) has been
developed. Given data on the structure of the net-
work, mass balance coefficients and other economic
information and constraints, the program formulates
the problem using the modelling system GAMS
(Kendrick and Mecraus, 1985). In its simplest form,
the multiperiod MILP problem is solved directly
using the branch and bound method. However, pro-
visions are available in MULPLAN to use as alter-
nate solution strategies the methods described
previously in this paper. Also, a special version of the
program can interface through MPS files with any
MILP solver (e.g. MPSX, LINDO, ZOOM, APEX).

EXAMPLES

In the following sections two examples will first be
presented to illustrate the application of the multi-
period MILP model. A comparison of the perfor-
mance of the computational strategies will then be
given in a later section.

Example 1

In Example 1, the network indicating all the alter-
natives is shown in Fig. 1. Product 3 is to be produced
by process 2 or 3. The feedstock to processes 2 and
3 is either bought or manufactured in process .
Process 2 has an existing capacity of 50 ktonyr™".
This problem spans over three periods of 2, 3 and
5 yr. Limits on investment are specified at cach time
period.

Three scenarios of this example are considered that
differ from each other in the following ways: scenario
2 differs from scenario 1 by 20% reduction in sales
prices of product 3; and scenario 3 differs from
scenario 2 by reducing the investment bound in
period 2 to 0, increasing by 20% the cost of chemical
1, and reducing by 20% the cost of chemical 2.
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»{ PROCESS >

Table 1. E:nmphl.mﬁol.wrooeﬂﬂmdymduuion
peofiles (kion yr™')

3

Fig. 1. Flow diagram for Example 1.

Table 3. Exampie 1, scenario 3. Selected rrowuu and production

profiles (kion yr™ )

Period Period
Process 1 2 k) Process 1 2 3
1 Capacity 175 275 175 1 Capacity 00 00 1.18
Production 541 6.76 175 Production 0.0 0.0 1.715
2 Capacity 50.0¢ 50.0" 50.0* 2 Capacity 50.0* 50.0* 50.0"
Production 20.82 0.0 0.0 Production 0.0 0.0 11.52
3 Capacity 00 3595 3595 3 Capacity 51.14 51.14 5114
Production 0.0 .72 3595 Production kA1) 45.57 51.14
SExisting capacity. *Existing capacity.

Scenario 3 also differs from | and 2 in that the upper
bounds for the availability of chemical 2 were dou-
bled. Inbothmamaximumnumberofthm
expansions was considered with limits on investment
cost at each time period. The economic data for all
three scenarios and the constants for material balance
equations and the demand for chemicals are given in
Chathrathi (1986). The corresponding MILP prob-
lem involves nine binary variables, 42 continuous
variables and 58 rows.

Some of the results of the three scenarios obtained
with MULPLAN are presented in Tables 1-4. The
analysis of these results indicates that the optimal
solution of scenario 1 involves shutting down process
2inperiod32and3mdimullingprm3inpeﬁod
2 (sec Fig. 2). Process 1 should be installed in period
1. As seen in Table 1, all processes operate below
maximum capagcity in periods t and 2. This illustrates
the cffect of economies of scale in the optimum
solution: the cost of maintaining an idle (or partially

results for scenario 2 are identical (see Fig. 3, Table
2), the net present value is reduced to $1063.01 x 10,
indicating the effect of the reduction in sales price.
The optimal solution of scenario 3 involves installing
procuslinperiodB.proccssZ!inpeﬁodl.md
shutting down process 2 in periods 1 and 2 (see Fig. 4,
TableS).'l‘henetpresemvalueinthiscueis
$2236.38 x 10°. This increase was mainly due to the
larger availability of chemical 2, which allowed for
larger production of chemical 3. Purchases and sales
for the three scenarios are given in Table 4.

Example 2

Example 2 involves a larger chemical complex
whichisathorkorwprocusa.Noneoﬂhﬁe
processes is assumed to have an existing capacity. The
network showing all the alternatives for this complex
is shown in Fig. 5. Product 6 is to be produced in four

Table 4. Exampie 1, purchases and sales (kton yr ')

used) process is outbalanced by the savings of a large
installation (the more capacity that is purchased, the Chemical 1 F ",""' 3
less the price per unit of capacity). The net present 51 surchases
value for scenario 1 is $1697.61 x 10°. Though the 1 60 15 8.6
2 20.0 25.5 0.0
Sales
Table 2. Example 1, scenario 2. Selected pee and production 3 20.82 072 3595
profiles (kion yr” ) Scepario 2—purchases
Period | 60 1.5 8.6
Process 1 2 3 2 200 285 30.0
: Sales
1 Capacity 1.18 115 178
Production sal 6.76 775 3 2082 .7 3595
2 Capacity $0.0° 50.0° 50.0¢ Scenaric 3—purchases
Production 2082 0.0 0.0 1 0.0 00 26
3 Capacity 0.0 3395 35.95 2 00 51.0 60.0
Production 0.0 30.712 35.95 Sales
3 38.1 43.54 62.66

*Existing capacity.

-__
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Shut down in
Periods 2 &4 3
CHEMICAL 2
PROCESS
2
CHEMICAL 1 CHEMICAL 3
PROCESS L -
1
Instolled in
Period 1 PROCESS
3
Tnstalled in
Period 2

Fig. 2. Exampic 1: optimum for scenario 1. Net present value = $1697.6 x 10%

Shut down in
Periods 2 % 3
CHEMICAL 2
PROCESS >
2
CHEMICAL 1
CHEMICAL 3
——————! prOCESS — >
1
tnstalled in
Period 1 P
3
Installed in
Period 2

Fig. 3. Example I: optimum for scenario 2. Net present value = $1063 x 10°,

Shut down in
Periods 1 & 2
Utifized in Period 3
CHEMICAL 2
PRAOCESS
2
CHEMICAL 1 CHEMIGAL
4 PROCESS > __3.-
1
Installsd in
Period § PAOCESS >
3
Installed in
Pariod 1

Fig. 4. Eiumple I: optimum for scenaric 3. Net present value = $2236.4 x 10°,
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CHEMICAL 2
Tl 2
CHEMCAL 1 CHEMICAL D
PROCESS PROCESS
_— » " s ] \l
:
PROCESS |
. CHEMICAL &
CHEMICAL § o . l " o
PROCESS
CHEMICAL 4 I
PROCESS
PROCESS! »

Fig. 5. Flow diagram for Example 2.

pu'iods.uchhavingalengthofzyrmdvaﬁous
constraints on the chemical demands and prices.

The alternatives prescnted in Fig. 5 are as follows:
prodmﬁmbeproducedbyproeusuSdelO
which use chemical 3 as raw material. Chemical 3 can
be purchased or produced by processes 2, 3 and 4
usingchuniulzasmwmteﬁal,orbypmous‘l
usingchuniealSasmwmalerial.ChemicalsZandS
unbepumhasedorprodwedbyproousl,mdSor
6, respectively. Process 1 uses chemical 1 as raw
material, and processes 5 and 6 use chemical 4 as raw
material. Two scenarios are considered in this exam-
ple;thcﬁmhasnoinmtmembounds,mdthe
second scenario has investment bounds. Also, in both
cases a maximum number of two expansions per
process was considered. The economic data and
chemical prices, the constants for the material bal-
anoee'quations,andthedemandforchemiulsm
given in Chathrathi (1986). The corresponding MILP
model involves 40 binary variables, 174 continuous
variables and 198 rows.

Some of the results of the problem that were
obtained with MULPLAN are presented in Tables

5-8 for both scenarios. These results indicate that the
optimum net present value of $51,027.1 x 10° can be
obtained for scenario I by using the following
configuration as scen in Table 5; the optimal
oonﬁguuﬁondounotmeprmz,?;,sm 10;
and the capacities of processes 7 and 8 are expanded
in period 2. In this configuration, process 6 operates
below maximum capacity in period 4; and process 9
would be shut down in periods 2 and 3, and reused
in period 4. This optimal configuration is shown in
Fig. 6, and the sales and purchases in Table 6.
The optimum NPV for the second scenario with
the bounds on investment costs at each time period

Table 6. Ennﬂel.mniol.l’mdnﬂudnlu(kmyr")-

Period
Chemical 1 2 3 4
Purchases
1 450 750 95.0 1100
2 35.67 00 0.0 00
3 00 0.0 0.0 0.0
4 450 750 750 nn
5 45.0 59.64 64,73 1100
Sales
6 145.0 175.0 199.0 210.0

Table 5. Bampkz.mriol.sdeuodpmwmudpmdwﬁonpmnh(kmyr")

Period
Process 1 2 3 4
1 Capacity 9.1 9.1 9.1 9.1
Production 40.54 61.57 25.19 99.1
2 Capacity 0.0 0.0 00 0.0
Production 0.0 00 0.0 0.0
3 Capacity 0.0 00 0.0 0.0
Production 0.0 00 0.0 0.0
4 Capuacily 9418 94.38 94.38 94,38
Production T4.48 64.35 34.94 94.38
5 Capacity 0.0 0.0 0.0 0.0
Production 0.0 00 0.0 0.0
6 Capacity 67.57 67.57 61.57 61.57
Production #40.54 6§1.57 61.57 25.16
7 Capacity 1000 128.72 8.2 128.72
Production 81,47 12115 126.0 128.12
8 Capacity 100.0 2000 200.0 2000
Production 81.47 1750 199.0 200.0
9 Capacity 45,0 450 450 45.0
Production 450 0.0 00 100
10 Capacity 0.0 0.0 0.0 0.0
Production 0.0 0.0 0.0 0.0
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Table 7. Example 2, scenario 2. Selected processes and production profiles (kton yr-'}

Period
Process 1 2 3 4
L} Capacity 0.0 67.57 99.1 99.1
Production 0.0 61.57 89.19 9.1
2 Capacity 0.0 0.0 0.0 0.0
Production 0.0 0.0 00 0.0
3 Capacity 0.0 53.2 53.2 53.2
Production 0.0 53.2 42.08 51.52
4 Capeacity 4286 42.86 42.86 42.86
Production 42,86 42.86 42,86 42.86
5 Capacity 00 0.0 0.0 00
Production 0.0 0.0 0.0 0.0
[ Capacity 0.0 0.0 34.56 .56
Production 0.0 0.0 34.56 26.47
7 Capacity 54.63 54.63 129.97 129.97
Production 42.86 54.63 127.2 12997
B Capacity 100.0 175.0 175.0 175.0
Production 100.0 175.0 1750 175.0
9 Capecity 0.0 0.0 3150 350
Production 0.0 0.0 240 350
10 Capacity 0.0 0.0 0.0 0.0
Production 0.0 0.0 0.0 0.0

is $45,244.50 x 10°. This configuration does not use
processes 2, 5 and 10. The details of the capacity
expansions and production profiles are shown in
Tables 7 and 8 and Fig. 7. Note that due to the
investment bounds, this second scenario features
three processes with expansions vs the two for the
first scenario.

COMPUTATIONAL RESULTS

The three scenarios of Example | were solved with
MULPLAN using the following techniques as seen in
Table 9a: branch and bound, strong cutting planes
followed by branch and bound, Benders decomposi-
tion (Algorithms B-I and B-II), strong cutting plancs
followed by Algorithm B-II of Benders decomposi-
tion. It can be scen that branch and bound required
the smallest CPU times. The explanation of this is the
fact that Example 1 is a relatively small multiperiod
problem. However, the following general trends can
be identified,

Table 8. Example 2, scenario 2. Purchases and sales (kion yr-h)

Period

Chemical 1 2 3 4
Purchases

1 0.0 75.0 9.0 110.0

2 45.0 33.29 0.0 0.0

3 0.9 34.82 0.0 0.0

4 0.0 0.0 3836 29.38

5 450 $1.36 %0 110.0

Salkes ¢
6 100.0 175.0 199.0 2100

First, the strong cutting planes reduce the gap
between the relaxed LP solution (Z,,) and the opti-
mal MILP solution (Z,) as scen in Table 10. Al
though in Example 1, the benefits of this reduction
were rather marginal in terms of reduction at
branches and pivot operations, scenario 2 of Example
2, which is a larger MILP model, exhibits a substan-
tial reduction in both items. Also note from Table 9b
that the CPU time with the use of cufting planes
followed by branch and bound is more than 50%
lower than that of direct branch and bound.

CHEMICAL 2
Installed in Period 1
CHEMCAL Y l Expanded in Period 2
PROCESS
— » PROCESS
.
Installed in Period 1
PROCESS .
. CHEMICAL 3 rocess] CHEMICAL §
netalled in Period 1 " ’ "
CHEMICAL § installed in Period 1
CHEMICAL & l ' shut down in Perlods 2 & 5
E

Installed in Period 1

E—O-WM?MI
L Expanded in Period 2

Fig. 6. Example 2: optimum for scenario 1. Net present value = $51,027.1 x 16°,
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installed in Period 1
Expandad in Period 2

PROCESS

» 1natolled in Period 1

>

Anstalled in Period 3
Fig. 7. Example 3: optimum for scenario

As for Benders decomposition, even though all
provisiomwmukensoutomtanthcsubprob-
lems at each itcration from the previous solution, the
petformnnoeisnotveryenoounginguminTabm
9a, 11 and 12. Howevcr.itisdurthattbemodiﬁed
formulation of Algorithm B-II is much better than
the one in Algorithm B-I as it requires almost 40%
fewer iterations due to the modified master problem.
Also, the reduction of time is roughly 35% as scen in

‘ Expanded in Period 3

2. Net present value $45.244.5 x 10°.

Table. 9. In this case the use of the strong cutting
planeshasamodest,butsigniﬁcant,oﬂ'ectinspeeding
up the solution of Algorithm B-IL It is also interest-
ing to note that Algorithm B-1 of Benders has the
tendency of introducing far too many expansions in
the initial iterations as seen in Table 12.

Although the above computational results are

somewhat limited, they clearly indicate that the usc of
strong cutting planes followed by branch and bound

Table 9. CPU times* for Examples 1 and 2

Scenario

{n) Exampie 1 1 2 3
Branch and bound 262 30 255
Branch and bound/cuts 4.3 443 417
Beaders decomposition 1 682 7679 4931
Benders jon T1 4332 48.7 35.33
Benders decomposition [ljcuts 39.15 43.31 31.52

Scenaric
{b) Example 2 1 2
Branch aad bound 131 102.6
Branch and bound/cuts NA* 414

mmlnu.mmudumm
'Culmﬁonuhiqunuappnubkwtmmpk.

leth.Eﬂ'clofaddiﬁuofcuuonbnndllndbwnd‘

Branch and bound Branch and bound/cuts
Zy Zie No. branches No. pivols Zie No. branches No. pivots
(10%) 107 (310%

Example |

Sccnario 1 1697 1898 11 145 1874 i 160

Scenario 2 1063 1246 13 142 s k) 12 159

Scenario 3 36 2540 ? 151 2472 6 96
Example 2

Scenaric 2 45,248 46,248 123 8580 46,236 140 5182

'LINDO computer code.

Table 11. Nmbcdhunﬁmdﬂaﬂendmﬁﬁoafu&amphl

Benders [ Bendens 11 Benders 1ljcuts Ziy Zy
Scenario 1 17 H 10 1893 1687
Sceoaric 2 19 12 10 1246 1063
Soenario 3 12 9 9 2540 1236
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Tabic 12, Iterations for alternative Benders decomposition schemes in Exampie 1, scenario 2

Tteration Benders decompasition 1

Benders decomposition 11

Benders decomposition 1iuty

No. z, z, Selected y's Z, z, Selected y's Z Zy Selocted y'y
0 - 00 +x —w +x - +®
1 684.5 1465y, 6845 1465.  y, 8845 12232y,
899.7 1246.5 Yu 746.8 1246.5 Yys ¥z 892 1232 yyuyn )
3 899.7 1246.5 Yise Py 468 1246.5 Y ¥n 892 232y, 25,9,
4 899.7 1246.5 Yiss Yo 914.8 1246.5 Yize ¥ 892 1202 yyyy
s 980 1246.5 Y ¥n 1033.8 1163 Yi 10277 1184.3° y,. 3y,
P 1057 1465 ¥y, Yoo P 10338 10755 Y 1033 10714° Y ¥y
7 1057 1246.5 Yuen 1033.8 1069.5 Yo 101} 10672 y,.yy
8 1057 1246.5 Y P Iu 1033.8 1067.5 Pivs Paz 1040.9 1065.5° yy.¥n
9 1057 1246.5 Y Vus P 1039.5 1065.5 Mt u 1054.4 1063 Yu-n
10 1057 12465 s 20 o ¥u 1034.4 1063.8 Pise ¥n 1063
11 1057 1246.5 Yivs Vs In 1054.4 1063 Y ¥uz
12 1057 12465  yuuFasdnadm - 1063
13 1057 1246.5 By ¢
4 1057 1246.5 Yuas Yz Vi Yur Ym
15 1057 1246.5 Y dm
16 1063 1105 Fuetn
17 1063 1095.4 Y Yu
18 1063 1091.7 Yasdu -
19 1063 1063 -

‘Optimum Z* = 1063, y; = yy=|.

is a more promising technique for selving larger
multiperiod MILP problems than Benders decompo-
sition. Also, for the second example, the use of strong
cutting planes exhibited better performance than the
direct use of branch and bound. This trend is main-
tained in a much larger example as will be shown in
the next section where the use of heuristic techniques
and other bounds is also illustrated.

Example 3. A petrochemical complex

The network of a proposed petrochemical complex
is shown in Fig. 8. Four time periods of 2 yr each are
considered. Processes 12, 13, 16 and 38 are assumed
to exist with capacities 399, 25, 300 and
200 kton yr~', respectively. These processes are as-
sumed to have possibilities of expansion starting in
period 2, while all the other nonexisting processes
could be installed starting in period 1. There arc a
total of 38 processes and 25 chemicais. The economic
data and the constants for the material balance
equations are given in Fommari and Grossmann
(1986). We consider two different scenarios. Limits
on the number of expansions and bounds for the
investment cost are specified in scenario 2 but they
are not present in scenario 1.

First we consider scenario 1, in which case the
problem has 148 integer variables, 961 continuous
variables and 785 constraints. Duc to the large size of
this MILP, the heuristic procedure with bounds was
first applied. From the analysis of the solution of the
relaxed problem, lower bounds were obtained for
the objective function. These lower bounds are
LB, = $420.1 x 10* (obtained by solving the relaxed
problem and setting all the nonzero binary variables
to 1) and LB, = $488.2 x 10* by installing all the
processes selected in the relaxed problem, but by
making only one expansion for each of them. Clearly,
the latter yielkds a better lower bound.

The relaxed LP problem solution yiclds a valid

upper bound for the optimum solution: UB,=
$648.6 x 10% hence the gap with respect to the lower
bound of $488.2 x 10* is 24.7%. This gap can be
reduced by obtaining a tighter upper bound from
problem MILP (22) assuming only initial expansions
and with lowest investment cost coefficients. This
problem yields a lower upper bound UB, = $569.8 x
10* and the corresponding feasible solution a lower
bound LB, = 512.9 x 10°. Now the gap is reduced to
10%. The solution corresponding to the lower bound
LB, = $512.9 x 10* is as follows. The selected pro-
cesses are: 4, 5, 6,8, 14, 17, 26, 28, 32, 34, 35 and 36,
All these processes are installed in period | with an
initial capacity that remains constant throughout the
four periods.

The problem was also solved to optimality with the
MPSX code on the IBM-3090 supercomputer at the
Cormnell Theory Center. The optimum solution re-
quires that processes 8, 14, 28 and 32 are selected
during the first period. The optimum NPV i
529.8 % 104, differing by only 3.2% from the heuristic
solution (LB,). This clearly illustrates the usefulness
of the heuristic procedure.

The computational requirements to solve the prob-
lem to optimality are shown in Table 13. Using
straightforward branch and bound, it was not poss-
ible to verify the global optimum for scenario 1 (no
limits on capital investment) after 92min of CPU
time. The procedure crashed due to the extremely
large size of the search tree. It is here where the
importance of the integer cuts [constraints (9) and
(11)] becomes evident. Results from the MILP prob-
lem (12) showed that the maximum number of expan-
sions for all processes is one, except for processes 2
and 10, for which two is the maximum number of
expansions. After adding constraints (9) and (11), it
was possible to find and verily the global optimum for
this scenario in 35 min of CPU time. [

It was also found that the branch and bound
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Fig. 8. Petrochemical complex.

requirements were 9.5 min after addition of con-
steaints (10) for limits of investment cost (scenario 2),
although the optimum solution did not change. For
this scenario, the application of the strong cutting
plane algorithm followed by the branch and bound
reduced the computing time to 8 min. These results
are also summarized in Table 13.

The computational experience with this exampile
shows that for large multiperiod MILP models it is

important to include the suggested integer constraints
and bounds, and that the use of strong cutting planes
followed by branch and bound is a promising tech-
nique.

CONCLUSIONS

This paper has presented a multiperiod MILP
model for long-range planning of capacity expansions
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Table 13. Effect of integer cuts and strong cutting planes on the solution® of a large scale problem
(148 binarics, 961 continuous variables, 785 constraints) :

Zyp No. branches No. pivots Minutes
Scenario 1
Branch and bound (BB) 648.6 NA* > 356,609" >92*
BBfinteger cuts (BBI) 648.6 28,897 134,440 5
Scenarico 2 ’
Branch and bound {BB) 631 4530 2.N3 9.5
BB/strong cutling plancs 629 4618 29,683 8

* e -ds Nk wemm - ww - o -
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*“Integer optimum sclution: Z,, = 529.8, MPSX/MIP-370 compuler code, IBM-3090. _
ure terminated with a lower bound of $29.8 and an upper bound of 561

and process sclection. The incorporation of this
model in the computer program MULPLAN makes
this model especially useful for the study of different
scenarios as was illustrated in the example problems.

A number of solution strategics have been pre-
sented 1o reduce the computational burden of solving
the corresponding MILP problems. Based on the
results obtained in this paper, it would seem that for
large-scale problems a combination of integer cuts,
strong cutting plane generation and branch and
bound is the most promising strategy for solving
these problems to optimality. However, the strong
cutting planes used here can only be generated based
on constraints that limit the capital investment, which
are not always present in the MILP formulation of
the planning problem. Nevertheless, when their gen-
eration is possible, it is also computationally cheap
and reduces the branch and bound requirements.
Benders decomposition in its various forms would
scem to have Kittle promise. The master problem is
unable 1o predict tight bounds, and the procedure
requires the solution of many subproblems. Finally,
the last example illustrates the usefulness of the
heuristic procedure for which the quality of the
solution can be predicted,
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APPENDIX A

Modelling Shut-Downs

It is sometimes desirable to account for a penalty {(of
profit) when a process is shut down or when an &
process is not operated for a period of time. In other cases
it is desirable to operate an instalied process at a minimum
level of operation. In order to account for these consider
ations, Jet ¢, be a binary variable that will take the value |

®

2538

4% +

E

88, &

~82%

Bé<




nalty (or

‘her cases
consider-
e value 1

i process i is decided to be excluded from any further
consideration (installation, cxpansion or operation) stasting
ot the beginning of time period 1. Also, ket CP, be equal to
the available plant capacity at the time of shut-down (i.c.

when ¢, =1).

The constraints that apply for ¢, and CP, are:
CP.%Qyu_, iI=L NP, 1 =1, NT+], (Al
CP,&Usc, imI NP, t=I NT+I, (A2)
Qe SCP+U,_(1—¢) i=1LNP, 1= NT+],

(A3

where U, = I, QEY. Equation {A2) will force CP, to zero
for as long as ¢, = 0. When ¢, = |, equations (A1) and {A3)
enforce CP, = (,_,. Note that when a process is selected
and not shut down at any time ¢y, =1, while for a

that is never sclected ¢, = 1. In addition, one has to
include the following constraints that relate the variables ¢,
to the rest of the model:

yr&sl—¢ i=LNP, 1=1,LNT+1, T3t (Ad)
W < (Us+QEP(1—¢,) i=], NP,
t=1, NT+L, Tar (A5

According to (A4), no expansion is allowed, and according
10 (A5) no operation is allowed once process | is decided not
10 be considered after time 2.

In order to enforce operation of a process at a prespecified
percentage of the installed capacity, the following simple
construint is sufficient:

W, 3>x0, i=1,NP, t=1,NT+1, (A6)

where x, is the prespecified percentage.

If it is desirable to operate an installed process / during
time period ¢ in such a way so as to process at least an
amount of A, units of the main product:

W_.,)A.(I—Zt,-r) i=|, NP, t=1,NT,
T=l
for Qp>0, (A7)

W_,;A,(y,-— ¥ c.,) i=1,NP, t=1,NT,
n=1
T<it for Qgm0. (AS)

A penalty (or profit, ¢.g. when scrapping the process) term
can be included in the objective as & function of the installed
capacity at the time of shut-down:

NP ONTH)

2' L @CP,+BLe)

lot tmi
where a, and J, are discounted cost coefficients. In the case
of profit then a, >0 and B3>0 and constraint {A3) is
redundant for the maximization problem.

In the case where an installed process is not operated for
a period of time, a penalty term can be included in the
objective to account for the expenses of maintaining the idle
plant:

NP NT

2 Z pen, QF,,

im)tal
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along with the following constraint:
QP2 —UWo, +0,~ } CP; i=1 NP,
T=1
t=1,NT, (A9)

that will force QP, to be equal to the installed capacity of
the process. Here pen, are again discounted (penalty)
coefficients.
Finally, the decision to shut down a process is applied
exactly once for each process, and therefore:
NT+1
Y =1 i=L NP, (A10)
twi
which gives rise to special ordered sets of type | (sce Beale,
1979). Therefore, the additional computational require-
ments of the modelling presented in this appendix should
not be excessive.

APPENDIX B

Solution to the Separation Problem

The scparation problem has been shown to be the follow-
ing Knapsack problem:

NP
max [, = }:1 {-Q —yel, (Bla)
st. E u, 1, > CI{(i), (Blb)

2,€{0,1} i=1,NP,

where z,= 1 if € C,, z,= 0 otherwise. Here y} corrcsponds

to the solution from the relaxed LP and the «, are given by

(14).

The heuristic developed for the solution of this problem
is a variation of the Greedy heuristic (see for example
Gondran and Minoux, 1987) and it takes advantage of the
fact that we are interested only in solutions for which
{,> —1 (becausc only in this case a violated inequality is
derived).

The algorithm is as follows:

Step 1. Sect z,2 1 for / such that y§ = 1. Set z, = 0 for / such
that y¢ = 0. If constraint (BIb) is satisfied or all z,
are fixed, exit.

Step 2. Examine if by setting to | only one of the remaining
1,'s, constraint (B1b) is satisfied. If so, set this to |
and exit. Ties are broken by choosing the { for which
—{1 — y2) is the maximum coefficient in the objec-
tive (Bla).

Step 3. Apply the greedy beuristic in the following manner:

(i) sort the remaining i's in order of decreasing
(1 —yiWu,;

(i) sclect z, = 1 one at a time in the order found
in (i) until (BUb) is satisfied or all z; are fixed.

In Step 1, the variables z, are set to zero in order to avoid
—1 terms in the objective (or else {, < —1 and no violated
inequality will be derived), Step 2 has been included, because
in most examples solved, the optimum solution had only onc
nonzero z,. It was found that the algorithm gave the
optimum in all cases in the examplcs sotved.






